This paper investigates the potential causes of the damage to the Washington Monument sustained from the 2011 Mineral, Virginia (USA), earthquake through time-history dynamic analysis. Ambient vibration fi eld test data were obtained and utilized to calibrate a fi nite element model of the structure and its foundation. The impact of the foundation modeling and the uncertainties associated with the material properties of the stone and iron, in the absence of in situ material testing, were investigated through several parametric studies, in which the material property values are permuted at three (upper, average, and lower) levels to bound the predicted dynamic characteristics of the structure. Because ground-motion data recorded in the Washington, D.C., area during the earthquake are scarce, the ground motion at the Washington Monument site was simulated using an angular transformation of the recorded ground motions in Reston, Virginia, deconvoluted to the bedrock level and upward propagation of the rotated motions to the ground surface based on soil profi les in Reston and the Washington Monument site provided by the U.S. Geological Survey. The fi nite element model of the Washington Monument shaft subjected to these bidirectional earthquake records showed high acceleration amplifi cation at the observation level, as well as tensile stress concentration at the ~107 m level. These observations correlate with the damage observed in the pyramidion section and upper levels of the Washington Monument shaft following the 2011 Virginia earthquake.
INTRODUCTION: THE 2011 VIRGINIA EARTHQUAKE
The Virginia earthquake of 23 August 2011, had a moment magnitude, M w , of 5.8 and was the largest historical earthquake in the Central Virginia seismic zone and the largest in Virginia since the 1897 Giles County earthquake. According to the U.S. Geological Survey (USGS), the perceived intensity of this widely felt ground motion was "very strong" in the epicenter area (Mineral, Virginia), and "moderate" in the Washington, D.C., area. In spite of the lower level of intensity in Washington, D.C., the Washington Monument was extensively damaged during this earthquake. The extent of the observed damage, including cracks, surface spalling, and dislodging of stone blocks in the pyramidion, crumbled mortar, and damage to the elevator, forced the immediate evacuation of the structure, and public access was suspended until adequate repairs to the interior and the exterior of the structure were completed. Being a structure of national historical significance, as well as the world's tallest obelisk, there is a substantial interest in understanding the causes of the damage developed in this structure during the earthquake.
As an attempt toward this goal, this paper explores the impact of the 2011 Virginia earthquake on the Washington Monument using fi nite element modeling and time-history analysis. A fi nite element model (FEM) of the masonry shaft of the Washington Monument (WAMO) was developed based on the structure's blueprints. Due to lack of detailed information related to the material properties of the structure, a number of assumptions are made and the impact of such assumptions on the structural vibration characteristics is investigated. In order to minimize the modeling uncertainties, the ambient vibration of the WAMO was monitored and the modal quantities are identifi ed. The FEM with the closest modal parameters to the identifi ed modes is then subjected to the simulated ground shaking at the WAMO site during the Virginia earthquake. The response of this model to the simulated earthquake is investigated to explain the causes of the infl icted damage to this structure. This paper is organized as follows. We fi rst review the construction history of the WAMO and the summary of the observed damage in this structure through different condition surveys. Subsequently, the modeling of the substructure and superstructure of the WAMO is described in detail. We then describe the ambient vibration fi eld test conducted on the WAMO and the procedure for ground shaking estimation at its location based on the recorded motions at the nearest station. Results of a response spectrum study using analytically and experimentally identifi ed modal quantities and ground motion time-history analysis are presented and possible causes of the observed damage in this structure are discussed. We conclude with a summary of the fi ndings of this research.
PHYSICAL DESCRIPTION OF THE WASHINGTON MONUMENT
The construction history of the WAMO is briefl y described based on a historic blueprint of this structure found on the Library of Congress website (Historic American Engineering Record, 1986) .
The masonry shaft of the WAMO (shown in Fig. 1 ) can be divided into four basic sections. The fi rst section consists of walls made of marble and bluestone that extend vertically from a stairstepped pyramid foundation made of blue gneiss. This section was constructed in 1848 after the establishment of the National Monument Society, which solicited public funding for the construction of the monument. Due to setbacks in securing funding and the onset of the Civil War, construction was halted for more than two decades. At this point, the construction of the WAMO was given to the U.S. Army Corps of Engineers. A study done by Colonel Thomas L. Casey at the time indicated that the original foundation would not be suffi cient to support the massive weight of the WAMO (John Milner Associates, Inc., 2004) . Therefore, the foundation was redesigned and strengthened using a system of tunneling and fi lling with concrete. The new foundation, with a base 38.5 m long at each side and a depth of 11.2 m, fully encased the primary foundation in concrete (John Milner Associates, Inc., 2004) . Casey based the new design of the masonry shaft of the WAMO on architectural concepts of the Egyptian obelisks. Therefore, in the fi nal design, the outer walls are tapered by 0.64 cm per 30.5 cm (Historic American Engineering Record, 1986 ) and the WAMO is 169.3 m tall, including its pyramidion; the height of the structure is approximately 10 times its baseline dimension of 16.9 m. The second section of the monument, from elevation 45.7 m to 48.8 m, was built when construction resumed after the fi nal designs were completed. This section is important because within it the inner walls are not vertical and the inner dimensions of the structure change from 7.6 m to 9.6 m. The third section of the WAMO extends from 48.8 m to 152.4 m just below the pyramidion. This section is similar to the fi rst section, the changes being the dimensions and thickness of the walls and the type of stone used in their construction (marble and granite below the 137.2 m level, and marble from the 137.2 m to 152.4 m level). The fourth section of the WAMO is the pyramidion, from 152.4 m to 169.3 m. An aluminum cap is at the tip of the pyramidion to protect the stone from weathering. This historic blueprint was also able to provide some information regarding the inner structure of the monument. Horizontal platforms and staircases that are shown in Figure 1 are located at every 3.05 m along the height of the structure. Vertical columns support the platforms, staircase, and an elevator shaft which is in the center of the monument. More detailed blueprints of the interior structure are available through the National Park Service (Oehrlein and Associates Architects, 1993) . Shown in Figure 2 are interior sections of the WAMO at 45.7 m and 48.8 m levels. This fi gure shows that there are eight columns (circled in Fig. 2 ) extending vertically over the height of the structure; these are Phoenix columns (an innovation of the Phoenix Iron Works, Phoenixville, Pennsylvania), each a circular pipe column made of iron, commonly used during the time of this construction.
POST-EARTHQUAKE ASSESSMENT OF THE WASHINGTON MONUMENT: OBSERVED DAMAGE
The WAMO was damaged during the 2011 Virginia earthquake, causing it to be closed to the public until repairs could be completed (May 2014) . The main types of damage observed in the WAMO were cracking and spalling of the exterior stone. Cracking and spalling occurred over the entire height of the structure; a larger density of cracking occurred in the pyramidion as well as the upper section of the shaft around the 137.2 m level. Figure 3 shows examples of cracking in the marble pyramidion panels. The crack shown in Figure 3A is 1.32 m in length and 18 cm deep, and cuts through the entire depth of the marble panel. Figure 3B shows a close-up view of cracking of a previously repaired crack in a pyramidion panel.
Examples of the observed spalling are provided in Figure 4 , including spalling of the corner of a marble pyramidion panel and a complex spall at a previously repaired corner.
Some of the observed damage had been documented in previously published historic assessment reports and did not necessarily occur during the 2011 Virginia earthquake. In order to investigate this issue, Figure 5 presents a timeline of the documented condition surveys of the WAMO. Figure 5A shows the condition of the exterior stones of the WAMO in 1934 (John Milner Associates, Inc., 2004 ; where the spalling was more severe below the 45.7 m level of the shaft. Figure 5B displays the results of a crack survey on the exterior of the WAMO published in 1993, which shows two main categories of cracking on all faces of the monument: (1) lower level cracks, between the 48.8 m and 71.3 m levels, and (2) the upper level cracks, above the 137.2 m level (Oehrlein and Associates Architects, 1993 (2011), and show the loss of mortar in a vertical joint above the 137.2 m level, the cracking of a previously repaired vertical joint on the west elevation, and deep spalling on the west elevation near the pyramidion. Figure 5H , published in The Washington Post (9 July 2012), shows the damaged masonry stones of the WAMO on its four elevations. These observations from the timeline imply that the 2011 Virginia earthquake-induced damage on the WAMO is most likely on the pyramidion and upper and middle levels of the masonry shaft. 
FINITE ELEMENT MODELING OF THE WASHINGTON MONUMENT
This section describes the procedure adopted in this study to create the FEM of the structure. In the analytical modeling of WAMO, like any other structural systems, a number of assumptions are made, particularly in terms of material properties. Hence, the calibration of the model with the vibration characteristics of the structure from fi eld testing is essential prior to deriving any conclusions regarding the causes of the damage due the earthquake.
Model Properties
Information obtained from the blueprints of the WAMO was used to construct a three-dimensional (3D) FEM of the structure using the computer program SAP2000 (Computer and Structures, Inc., 2014, http://www.csiamerica.com/). The overall dimensions used for the exterior of the WAMO were a height of 152.4 m from the base to the bottom of the pyramidion with baseline dimensions of 16.9 m. The interior dimensions were 7.6 m by 7.6 m from the base up to the 45.7 m level, where they expand linearly to 9.6 m by 9.6 m at the 48.8 m level and continue up to the 152.4 m level. The wall thickness of the structure varied from 4.6 m at the base to 0.46 m at the top.
This study is primarily concerned with the modeling of the WAMO shaft, and thus the details of the pyramidion section were not included in the model. However, its effect was modeled as a distributed vertical gravity force at multiple locations from the 143.3 m level (where the panels that support the pyramidion are integrated into the shaft's walls) to the 152.4 m level, adding up to the estimated weight of the pyramidion. Choosing the dead load as the source to defi ne the nodal masses for the dynamic analysis, the corresponding pyramidion mass was added to the nodal lumped masses obtained from the solid elements in the FEM.
As shown in Figure 1 , the outer walls of the WAMO are constructed from a combination of marble and granite. Therefore, in the model, an average of the material properties of these two types of stone was used. Table 1 shows the range of values for the modulus of elasticity and unit weight of granite, marble, and iron; 45 GPa and 85 GPa were used as lower and upper bounds of the modulus of elasticity of the stone and 25.9 kN/m 3 for its unit weight. The material model for iron was defi ned using 190 GPa and 210 GPa as lower and upper bound values, and 76.2 kN/m 3 unit weight. The FEM of the masonry shaft was constructed using 3D solid elements. In order to ensure the accuracy of the model, different meshes were developed by increasing the number of elements in each model (shown in Fig. 6 ). Among these, the FEM with 5600 solid elements (shown in Fig. 6D ) was chosen since using a fi ner mesh of elements would change the natural frequencies of the model <0.1%. Phoenix columns were modeled with beam elements defi ned with pipe section properties. In order to include the effects of the stairs and platforms, diaphragm constraints are assigned to the inner nodes of the shaft at each 3.05 m level.
The foundation was modeled as a lumped mass located at its center of mass, and a group of uncoupled springs at the base of the foundation represents the compliance of the substructure with respect to translation and rotation about all three principal directions of the model. .pdf). In this method, the foundation is assumed rigid with respect to the supporting soil, and the uncoupled spring model represents the stiffness of the surrounding soil. The equivalent spring coeffi cients are found based on the dimensions of the footing and effective shear modulus of the underlying soil. In this procedure, values for the unit weight and Poisson ratio of the soil were respectively assumed as 17 kN/m 3 and 0.2, and the average measured shear wave velocity of 388.4 m/s of the soil strata to the base of foundation were used. Correction factors are applied in order to consider the effect of the soil embedment on the foundation stiffness. Table 2 summarizes the stiffness of the springs used to model the substructure.
PARAMETRIC STUDY OF STRUCTURAL AND GEOTECHNICAL MODELING UNCERTAINTIES
In order to consider the uncertainty associated with the adopted modeling approach, as well as the impact of foundation modeling, different cases were studied by permutation of the material properties of the structure as well as the stiffness of the foundation springs. The average of the lower and upper bounds of elastic modulus of granite and marble were used as the lower and upper bound values of the modulus of elasticity of the stone throughout the shaft. Therefore, the lower bound of the stone modulus of elasticity was assumed to be 45 GPa (average of 40 and 50 GPa), and a value of 85 GPa (average of 70 and 100 GPa) was used as the upper bound. The lower and upper bound values of the foundation stiffness were established using factors of 0.5 and 2 to the stiffness calculated based on FEMA 356 to account for the uncertainty associated with the modeling of the foundation. To this end, 12 different cases of FEMs were studied; the fi rst 6 cases are based on estimated lower and upper bound values for material properties and foundation stiffness, and the last 6 cases are based on assumption of average elasticity moduli for stone and iron, and foundation stiffness having values shown in Table 2 .
In case 1, the modeling of the foundation is not considered, and the iron and stone in the superstructure were modeled using the upper bound value of the moduli of elasticity given in Table 1 . In cases 2 and 3, upper and lower bound values of the foundation stiffness were considered, respectively, while the superstructure material properties are the same as that in case 1. Three other permutations are made by assigning the lower bound moduli of elasticity to the masonry shaft and the Phoenix columns to create cases 4-6. In case 4, the superstructure is modeled with the lower bound value of the material properties and is fi xed at the ground level. In cases 5 and 6, the lower bound values for the material properties of the superstructure are used; however, the foundation is modeled with upper bound (case 5) and lower bound (case 6) values. Case 7 is created by assigning average of lower and upper bound values of the moduli of elasticity (65 GPa) to stone and iron without including the foundation in the model. In case 8, foundation springs (having the values shown in Table 2 ) are added to this model. Cases 9 and 10 are created to study the effect of uncertainty in foundation stiffness when the superstructure is modeled with average of the bounds of the material properties. In cases 11 and 12, upper and lower values for the material properties of the superstructure are used, while foundation springs are modeled with values tabulated in Table 2 . Table 3 summarizes the modeling assumptions of this parametric study. Tables 4 and 5 present the results of modal analysis of these 12 cases. These tables show that the structural characteristics change extensively with the permutation of the material properties and the foundation stiffness. In addition, modeling the foundation signifi cantly affects the period and shape of the structural vibration modes in the model.
Structural Identifi cation through Ambient Vibration Measurements
The FEM of the WAMO is subjected to the 2011 Virginia earthquake record to simulate the behavior of the structure during this event and to investigate the causes of the observed damage, so it is essential to minimize the uncertainty in the fi nite element modeling results. As an attempt toward this end, fi eld vibration tests were conducted to establish the dynamic characteristics of the structure and use them as a basis to select the FEM case that best represents the actual structure. This section presents the details of instrumentation, vibration monitoring, and structural identifi cation of the WAMO. 
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Ambient vibration measurement of the WAMO was conducted using a network of eight sensors and a por table data acquisition system (shown in Fig. 7) . The sensors are single-channel accelerometers manufactured by Silicon Designs, Inc. (model 2210-002; http://www.silicondesigns.com/ds/ds2210.html). The data acquisition system has a 24-bit analog to digital convertor, with a quantization resolution of <1 µg. The sensors have a characteristic noise fl oor of 13 µg√Hz, which for a signal fi ltered at 15 Hz translates to ~50 µg root mean squared (RMS) noise.
Two wired accelerometers were located at each corner of the masonry shaft of the WAMO at the 149.7 m level to mea- sure the horizontal vibration of the structure in two orthogonal transverse directions. Figure 8 shows the layout of this sensor network and Figure 9 shows sensors A1, A2, A3 and A4 attached to the monument. Ambient vibrations were measured for over a 60 min duration using a sampling frequency of 200 Hz (720,000 samples/channel). Figure 10 shows the time history of the data collected at the southwest corner of the WAMO after removing the unwanted trend due to temperature change caused by wind and sunshine. This fi gure shows that the ambient vibration amplitude is ~300 µg. The collected data are further studied in the frequency domain. Figure 11 presents the average power spectral density of the eight measured signals obtained using the Welch (1967) method. This fi gure shows distinct peaks of the power spectral density, corresponding to the natural vibration frequencies of the system. The peaks are distinct and clear, and repeat in data from all sensors.
Modal Parameter Identifi cation
Modal parameter identifi cation is performed using the output-only Eigen realization algorithm. Using a software package developed at Lehigh University (Bethlehem, Pennsylvania) for convenient modal identifi cation of dynamic systems (SMIT; Structural Modal Identifi cation Toolsuite; Chang and Pakzad, 2013 ), the optimum model order was found from the stabilization diagrams [with convergence thresholds of 5%, 95%, and 10% for frequencies, modal assurance criterion (MAC) values (Allemang, 2003) , and damping ratios, respectively] and the modal properties were extracted. Figure 12 shows the stabilization diagrams created based on the ambient acceleration signals measured in the east-west and north-south directions. In these plots, the identifi ed modal parameters at every model order are marked if they fall within the prespecifi ed stability threshold of the identifi ed modal parameters at the previous model order. Figure 13 shows the fi rst seven identifi ed structural modes using the entire data set. Because the sensor deployment was located at only one level of the WAMO, no spatial information along the height of the structure for the mode shapes is available, and thus the modal ordinates are used to distinguish between modes in the two transverse directions and twisting (i.e., torsional modes). Moreover, since in this project a short-term ambient vibration analysis was conducted, a study of the effect of environmental factors on the dynamic characteristics of the WAMO was not of primary focus. 
VERIFICATION OF FEM USING IDENTIFIED MODAL QUANTITIES
A comparison of the identifi ed natural periods of the structure and fundamental period of the fi nite element models shows that among all the cases studied before, the FEM in case 6 best represents the measured dynamic characteristics of the WAMO.
In this case, the foundation is included in the FEM, and the lower bound values for the material properties of the superstructure and the stiffness of the substructure are used. Figure 14 illustrates four analytically identifi ed vibrational modes of the structure in case 6: fi rst-three translational modes in the Y-direction, along with the 8 th mode (torsional deformation). Translational modes in the X-direction are not pictured here; in these modes the structure vibrates at the same frequency and similar shape as those shown in Figure 14 , but in the X-direction.
ESTIMATED GROUND SHAKING AT THE WAMO SITE
There were not any ground-motion recordings in the immediate Washington, D.C., area during the 2011 earthquake. In this study, the ground shaking at the WAMO site is estimated based on the ground-motion recording at Reston, Virginia, the station closest to Washington, D.C. As seen in Figure 15 , the Reston recording station is located relatively close to the WAMO site, ~31 km away. The Reston recording station and WAMO sites are ~122 km and 131 km, respectively, from the earthquake epicenter. Site response analyses were performed using the recorded ground motion from Reston and the shear-wave velocity profi les at the station and WAMO sites as measured by the USGS. ProShake (EduPro Civil Systems, 2003 , http://www.proshake .com), a 1D equivalent linear ground response analysis software, was used for this analysis. Relative orientations of the recording station site and the WAMO site with respect to the earthquake epicenter were considered in the angular transformation of the recorded and calculated motions. The shear-wave velocity (Vs) profi le at the Reston recording station site is shown in Figure 16 . Rock with Vs = 2600 m/s is encountered at a relatively shallow depth at this site; located at a depth of 42 m. The bidirectional (east-west and north-south) ground motions recorded at the Reston station were rotated into path-parallel and path-normal components along the source-torecording site orientation (Mineral-Reston). These components at the ground surface were then deconvoluted to hard rock level (Vs = 3500 m/s) at Reston using the Vs profi le at the station site. For Reston, it was assumed that this Vs = 3500 m/s material corresponding to the hard rock motions was located at a depth of 550 m with a transition from 42 m depth.
Hard rock motions in Reston can be considered to be representative of the hard rock motions at the WAMO site due to their proximity and respective distances to the earthquake source. Hard rock motions at the base of the Reston profi le were rotated into (Mineral-WAMO site) path-parallel and path-normal components. Site response analyses were performed using the rotated rock motions and these were then propagated up to the ground surface level at the WAMO site using the velocity profi le at the site. Shear-wave velocity measurements by the USGS at WAMO extend to a depth of ~100 m below the ground surface, and these measurements are indicative of weathered rock with Vs ~1000 m/s. These observations are in agreement with other available information about the local geology and depth to rock (Darton, 1951) . Since the hard rock underneath the WAMO is located below the deepest level of Vs profi le measurements, there was the need to introduce reasonable assumptions for the conditions of hard rock at deeper levels. Two different profi le scenarios were considered for the Vs profi le beyond the extent of the measurements at WAMO, as shown in Figure 17 . In one of these cases the measured Vs profi le was directly augmented on top of hard rock with Vs = 2600 m/s, whereas the second profi le included a 3-step transition from the base of the measurements to Vs = 2600 m/s material. For both cases, a smooth transition to Vs = 3500 m/s hard rock over 100 m was assumed below the Vs = 2600 m/s material. Site response analyses were performed for both cases to estimate the ground motions at the WAMO site during the 2011 Virginia earthquake. The ground motions resulting from the two profi le scenarios are shown in Figure 18 . The peak ground accelerations (PGA) of these motions are 0.054 g and 0.059 g in path-parallel and path-normal directions (Mineral-WAMO).
Angular transformation was used to rotate the estimated ground surface motions into east-west and north-south directions to be applied to the FEM of the system at the foundation level. Figure 19 shows these ground motions, which have 0.078 g and 0.042 g PGA, in east-west and north-south directions, respectively. 
RESPONSE SPECTRUM STUDY
Here we present the response spectrum analyses conducted on the estimated surface ground motions. Figure 20 show the 2% damped linear response spectra for the east-west and north-south directions of the ground shaking at the WAMO site (in terms of the pseudo-spectral acceleration), along with the FEM and measured ambient structural vibration periods. Figure 20 shows that the spectrum amplitudes (for both the east-west and north-south directions) of the records generated as scenarios A and B at the natural frequencies of the structure are close in pseudo-spectral acceleration value. In addition, the response amplitude at the fi rst and second mode periods (1.79 s) is small, while the higher modes (modes 3, 4, 5, and 6) are in a region of larger spectral acceleration amplitude. Because contribution of each vibrational mode in the seismic performance of the structure also depends on the modal participation ratios, the mass participation of vibration models of the FEM in case 6 are reviewed in Table 6 . This table shows that for the Washington Monument, a tall structure with nonuniform mass and stiffness distribution along its height, higher modes (the 2 nd and 3 rd translational modes in the horizontal X-and Y-directions, which are modes 3, 4, 6, and 7 of the structure) have large mass participation ratios. Large spectral amplifi cation combined with high participation ratios imply that the higher structural modes have a greater dynamic amplifi cation than the fundamental modes during the earthquake, and potentially a substantial contribution to the internal forces that developed in the structure.
TIME-HISTORY ANALYSIS RESULTS: PREDICTED DAMAGE
Time histories of the ground acceleration in the eastwest and north-south directions were defi ned and applied bidirectionally to the base of the calibrated FEM in case 6. Linear modal time-history analyses were performed using a time step of 0.005 s and zero initial conditions. In this analysis, a damping ratio of 2% was used for the structure, in the range of the damping ratios obtained through the structural identifi cation we undertook (shown in Fig. 13 ), and consistent with the identifi ed damping ratios of masonry structures reported in the literature (De Sortis et al., 2005; Gentile and Saisi, 2007) . observation level is amplifi ed by more than 8 and 5 times compared to the accelerations at the ground level in east-west and north-south directions, respectively. This high level of acceleration amplifi cation can lead to the observed damage at the upper sections of the shaft, pyramidion, and fallen debris at the observation level. Figure 22 illustrates the distribution of the maximum tensile stresses (in the vertical Z-direction) on the outer surface due to the combined effect of the structure's weight and bidirectional ground motions over the entire history of the earthquake record. The color scale on the bottom of Figure 22 indicates the magnitude of the stresses; the highest tensile stresses are shown in dark gray and white represents zero tensile stress. The tensile stresses show a high concentration around the 107 m level. However, these tensile stresses are signifi cantly smaller than the reported tensile strength of masonry stone. Based on the ASTM (formerly the American Society for Testing and Materials) specifi cations (Standards C503/C503M-10 and C615/ C615M-11; ASTM, 2010a, 2011) moduli of rupture of marble and granite are 6.9 MPa and 10.3 MPa, respectively. Maximum compressive stress throughout the structure (−3.69 MPa) is also considerably smaller than the reported compressive strength of marble (−52 MPa), granite (−131 MPa), and grout (−13.8 MPa). Compressive strength of the grout was estimated based on ASTM specifi cations (Standard C476-10; ASTM, 2010b), and tensile strength of the grout was assumed to be ~10% of its compressive strength. Therefore, the concentration of the maximum tensile stresses (as shown in Fig. 22 ) could explain the cracking damage at this location of the masonry shaft of the WAMO in terms of the mortar loss and recracking observed in the previously repaired cracks.
SUMMARY AND CONCLUSIONS
We investigated the potential causes of the damage to the WAMO sustained from the 2011 Virginia earthquake. For this purpose, an FEM of the superstructure was constructed based on the published historic blueprints. In this modeling, the details of the pyramidion were not included; instead its estimated weight was distributed on the upper levels of the masonry shaft. This method was adopted because the pyramidion is a signifi cantly complex system, the modeling of which requires more information than available to the public. In addition, structural identifi cation of the pyramidion requires access to the inside of the structure for sensor deployment, which was not feasible during this research. The foundation was modeled as a lumped mass located at its center of mass and a group of uncoupled springs at the base of the foundation to represent the compliance of the substructure.
In order to address the uncertainties regarding the material properties of the stone and iron of the superstructure and stiffness coeffi cients of the foundation in the absence of in situ material testing, a parametric study is completed where the parameters of the analytical model are permuted at different values to bound the predicted dynamic characteristics of the structure. To minimize such modeling uncertainty, preliminary ambient vibration tests were conducted to identify the modal properties of the structure. On the basis of these measured vibration modes, a set of model parameters (from the parametric study) was selected for further investigation. Due to the lack of ground shaking measurements in the Washington, D.C., area during the 2011 Virginia earthquake, the ground motions at the WAMO site were estimated using angular transformation of the deconvoluted ground motions in Reston, Virginia, to the bedrock level and upward propagation of the rotated motions to the ground surface based on the soil profi les in Reston and the WAMO site provided by USGS. The selected FEM of this structure was then subjected to the bidirectional ground motions and response of the model in terms of displacement, acceleration, and stress distribution. The following is a summary of the fi ndings of this study. • The parametric study in this research underlined the impact of modeling the foundation to make the analytical model a better representation of the actual structure. The bidirectional time-history analysis of the calibrated model revealed a large amplifi cation of the acceleration at the observation level, along with concentration of the tensile stresses above the mid-height of the structure. These observations correlate with the observed damage in the WAMO caused by the 2011 Virginia earthquake.
• One purpose of this study was to investigate the effect of substructure fl exibility on the modal properties of the FEM of the monument. For this purpose, a simplifi ed soil-structure interaction analysis (based on FEMA 356) was adopted to perform a parametric study using different assumptions in the modeling of the substructure and superstructure. In the time-history analysis, the free fi eld motions were used mainly because those motions were available to us. Also, three cases considered in the fi nite element modeling do not include the foundation in the FEM. A more sophisticated soil-structure interaction analysis consisting of modeling the soil strata beneath the structure may reveal more information.
• This study highlights the role that nondestructive structural identifi cation tests play in decreasing the uncertainty associated with the analytical modeling of existing structures. Such experimentally calibrated structural models are benefi cial in several applications, including identifi cation of causes of structural damage, assessment of repair and retrofi t alternatives, and predicting the behavior of the structure in future events.
• The ground shaking at the site of the WAMO was simulated based on the recorded motions in Reston, Virginia, because to our knowledge no ground motions were recorded in the Washington, D.C., area during the 2011 Virginia earthquake. This indicates the importance of providing the U.S. east coast infrastructure with enough devices to record the seismic events of this region, in order to reduce the uncertainty associated with seismic motion estimation and to provide researchers with a comprehensive database with which to study the structural response in statistically predicted future events. 
